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A fixtureis desorlbedfor makingnormal-pressure
tests“offlatplates5 inchesin diameterin whiohpar~ibrn-- “-
ular qprewas..takento obtainrigid.olamp~ngqt the ?@geSot .
Eem.ltsare given-for19 plates,rangtngi+ thici-ties=-from-‘~-”,-,~
0.016to 0.Q72inoh. Zhe oenter&efleotionuand the
extreme-fltieretreeeesat low prestiureswere fcnzndto agree
v~th theoreticalvalues;the oentier&efleo*ionsat hl~ --. ...-—
pressureti were. 4 to 12 peroontgreaterthan the)theoretical
values. Empiricalourvesare derivedof the”pr6s@F@”for-- -
the beginningof permanentset as a functio~-ofthe Mrnen- ~“
slonsof the plateand the tensilepropertiesof t%e mater-
ial. .—..

,. .-.
INTILODUO!CIOE --- _.

Zhe normal-pressuretestsof oiroular~latse~esor~be~ ““
In thts reportare par% of a programof tests of fiat
platesuqlernormalpressurethat.has boeh carr-~e=~=”””=– “.=
tho MationalBureauof Standardsfor tho-”3u5eau’6fAoronau-

----..

ttos,navy Department,sinoo 1927. 9!hisprogramwa8 orfg: “=
inallyintendedto studyonlyreotehgularplatesof iU.men-

-=,-

talonsand materialscorrespondingto the platingused i-n -..A-

the floabBottom@and hull bottomsof seaplanes.~he U1-D
timatiepurpose,ofthe testswas the CZerivatZonof a ~es~~ . ..——.
formulaor chartfor oaMulaMng the.thiok~”es~b~bottom
platingrequiredto resistwashboardingdue to t~e lmpao% “
pressur,eupon landingon and takingoff from rough “Wa%ero.-.. ,,.,- .. .

. ..—. -.
~he preseurerequiredto produoewashboarMngwas ile-

termlned.tn the laboratoryby normal-presfidbtestsof ~ - ,~-
lergenumberof rectangularplatesolampedat the edges
and of several plate~whose edgeswer,efree to rotate
throughoutthe teetm ~esulteof thesetestswillbe the”‘“-”-”—”~-—:

...

mb$eot of a subsequentpaper.
.. .----.%-,.--—.- -—- ....11 —.”.-------.%—_.—
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A ooqtmison of the ob”sorvoddefcirmatlonsof tho roa-
tangubr pl&teewith the deformationsdorlvoilfromsvail-
able theorlosehovodboth systematicatirrogalar &iffor-
enoea, Thesed,ifferemoeswere of sufflqisnth~~stude $0...
maketmposslblethe &erl.vatlonof-ausefuland fa~rlYi!Wn-
pralrelationfar the pressureat.whloh.va~hboar~ingin
tmohplateswouldbeoomepronouneeil.It was not possiblo
to det8rminefromthe work on rectangularplatesdome tO
what degree the differenoeiwere due to a failureto sat-
isfy the theoreticaledgeconditionsand to whatdegreo
tho~w*26 due to Inoompleteneasof the theory AtaelfsOS-
peoiallyIn reaped to.glvingthe stressesIn tho plato~

It was bellevedthat.morenearlyidealolam:~:gh::n-
. ditionsooQldlbe obtatnedfor airoaalarplatas.
more,it was knownthatthe theoryof clroularplates
withlargedefleotlonsas d~velope.d.byStewartWay (refer-
enoe1] wouldgiyea r$gorousbasisof comparisonwtth
the measuredetresses. .

A oarefulstudyof the &eformationof ciraalarplates
followingway~stheoryIn the elasttoregion,it Wasfeltg
wouldlead to a bettorUnderstanding Of tho mBchaml@mof
washboardingand mightsuggesta suooossfuxapproaoqto the
tos%son roatamgular~latoe. .

. SPEOIMUES . m

Tho testslnolniiod.eovonmatorialeas.followe(SOOalso
tahlo1):

24S-RTaloladaluminum-alloyshoot0.0406to 0.0632.
inch in thtcknoss. . ~ .

.
17S-~Y&lumtaum-alloyshoot0.0211to.O.0723inch in

thldcaoss:

176-Talumtnumallo~ehoob0-0209*O 0-0627Inchin
thloknose. .

Low-strengthalumlnum-allo?@hootof unknownoomposk
tlon 0m016iaohia thiokaoss. .

.

24S-~alum~num-alloyshoot0.0149and 0.0184tncthh
thtoknoss.
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18:6 staialoss-stool”ehootm0.0199inoh tn thioknoss,andl

BH magnesium-alloyshootO.(MXLlnohin thlokaoss
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All plateshad the same.diameterfor the oiroular
pertphery alongwhichtheywere ala.mpedothat is, 6 Inches.
The individmd.plateswere identifiedby lettersA to 8.
(SeetableZ) . .

Tensilepropertieswere determinedon couponsout both
longitudinallyand transverselyout of the sheetfromwhioh
the p~atem ha~ been out, Pairs of 2mZnchTuokaz-n opti-
cal straingageswore used to moasurotho strainsnear the
eontorof tho tonsilsspoelmonaaIMguros 1 to 7 ehmtho

. .

*osultlmgtoasllo8trosB-8tra3nourvoo. rho y~old st~ongthm “-
(0.002offsotmethod)obtalno~from tho stress-strainsurvoe
aro gtvonin tablo1. only tho magnesiumalloy+Qowodprao- ‘-”-
tlcally tho eamo.tensileproportion in a Iongttuditi@ubn@
a tranevorsodirection.Tho longlt,u&in&ltonsiloyield
etirongthsfor tho othormaterialsworo from10 to 26-p-o&’. -
eonthigherthan tho transvorso~onsiloyield strengths.., .--

.. .

lms!cs
---—

Loatltng -L.--,

..- - -----
-— .,:.%

In tho closlgnof tho fixturofor iwbjoottrigc:-roalar ““
platest~ normalproesuroparticularoarowas takento ap-
promehtho idealond conditionsof rigidolampirigalong— “ I
tho poriphoryof tho plate.

.. .-

A sectionaldruwl~ of tho fixturoLa shownIn flguro
8. A top PIOW is glvonin flguro9. Sho plato spoolmon “– .
A (fig. 8) formsthe top faoo of n ohambor6 to whichoil
proesuro3s appllodthroughtho linoD: n auq ~lat+oB
of tho samodlmonsionsmnd of tho samo~torlal as tho
epooimonformstho bottomfaco of tho oh-bor. FlatosA
and B aro clampedbo%woontho stoolrln~sE and G and
tho SpaGOr~ b~ forms metingthroughtho 16 symmotriedxy

-.-—

plaooddamping barsE. Tho &ymmotrtoalarraiig-nt w5th
two IdontioalplatesA uxulB servosto ainlmlzorot,atioa
abouttho elrcumforonooof tho olampingrln~E b

A%?-drotatmtlcload. An mpproximntolyuniformdlstr
of olampingforcoeaotingon tho p~ato~was obtalnod,Zn
a porlphornldirootlon,by tigktonlngoaoh bolt I aotlng
on tho olanpingbaro an,approximatelyequalamountandr in.-—
a madlaldlreotion,by letM.ngthe olampingbars aot oen-
trallythsoughthe crown of the olampingring~“Eand SO
ICet.xlshtmsK (fIga. 8 and 10) twiceas thtckas the tea%
platewereplaoedbetweenthe outerend of the Olamplag

-—
. .

. . - .—

.

.-.—

—.-.. -

.— .
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.

barsand the reaotionringL to levelthe barsH.
b

L aer$em
of oenoentriegrooves0.01 tnoh deepand spaced0.06inoh
were out in the oontaot~urf~oesof the olarnplngringsE ●

and 6 and the spaoer3 to preventslipplngof the plates
A and B.

An over=allvie~ of the’testapgaratusis.gtvenIn
fagure11. A hydroetatiopreooureup to 600 poundsper
square inoh couldhe appltedto the platethrough”tubeD
by means of thehand @W ~. Zhe preesurein the ohantbor
O wan meaeure&from-aninkbpendentpressure.lineM by a
etandpipeY for pressurem up to 1 poundper squaroinoh~by
theU-tubeH.forpressurpsfrom1 to 20 poundsper square
Inoh,by theBourclon-tubegage?.forpreseurosfrom20 to
300 poundsper squaro~noh,and & theBourdon-tubegag;h~
for pressures from100 to 300.poundsper squareinoh.
errorin readingprossurouaO ostinatodas lossthan O*O1
pounUpor squaroInoh In tho oaso of tho standpipo, lOSS
than 0,1 poundpor squaroAaoh ta tho oaso of thoU-tubo~
and loss than1 pouadpor squaroinohin tho Bourdon-tubo
gagesV and W. Approx$matoval.uosof prossuroabovo300
poundspor squaro inohworo obtalnodfrom tho Bourdon-tnho
gagoX mountodon tho handpump.

●

~ho loadlngflxturowas proof-tostodby subjootinga
Pair of 0.06-lnohalunlzmn-alloyp~akosto a prossuroof
600poundsper. squar.e Inoh. This.pressurowas sufflciont
to ‘dishZa” the platogfar boyond:thoelasticramgO: novor-
tholoss,thorowas no sign of slippingat tho odgoand thoro
was only a nogltgibl,o anountof loakago. Tho proswro could
ho nalntalnodwith a SU1l anountof pumpingafterthe oqeep
due to y~eldlngof the platehad beoonemalls

Xf slippingis aegleote&,the prinmipa.1deviations
fronthe oonditlonsof an ideallyclanpedflatplatearo ‘
probablydue to one of the followlngeffeobs:

A. The settingUP of initial.tqamion(or oonpressloa)
in the platoduringthe olanplngZzatho flzture.

B. !Cherotatioaof tho olampingriags~ -d ~ (f~gt
8) oausodby the b.e~dingnouentssetup at theporiphory
of t.hoPlatoduo to tho nornalprossuro.

c. rho oontraetionof the dtanotqrof tho almping
rings by tho nonbranotonsf.unprosoat,In tho platounder
load.

a .-

●

✎ ✎✎

l). Dovlationsfronflatnoseat no load.

. .
,.

. . . . .
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Tho offoot of tho #’lr.stthrdodo?iationsfronideal
oondltlonson tho o~ntordoflootionof tho platois dis-
OUSfJOdin append.ixosA, 3, and O and, on tho ‘basisof
thoso discussions,three‘aeviatlonindiaesnare deri~ed
for the relattvedeviationfrom lilealbehavt.or.Devla-
tionmfron flatneaaare Mflanaaedfor the smeatalaase
of initialbowinginto a

~ffeotA w1ll aaase
at low loadeg (wo/h<<
tion.(A7)in append%xA:

spheriaalmarfaoek appentLixD..-.. .
a aeareasein aenterdeflection
1) .glyenapprox@iatelYW eq~-

Avo() uta=
v— - 1.833 (1 - IN) ~

‘OOA
(la)

..
where

‘o aonterdeflectionwith a unifornnenbranetension
at. due to olanping

aentertlefleationfor iaealolanping (u~ = o)woo

m Young~sn0aulu8of ple.tenaterial
m-.— --- -----

P Poissonteratio of platenaterial

a radiusof plate “

h thiaknessof plate —----* ...-._.
IlffeatA oaueesa aeareaseIn aenterdeflation of an

eleettaairpularnenbraneti.e.~alraul~ platewith large
aefleationsbefore~ieULing)givenapproximatelyby eq,ua-
tion (A21)t .-

Avo(J 1- IAcr* ELa._ = —. (p)

oo~ 2 m=

:---

..

.
thatis, the effectaeoreesetainverselywith the squareof
the aenterdeflection. ,..

XffeatB will aausean inareasein aenterdeflation
givenapproxinately by equation(B1O)

●

--
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Avo
+)

AS9hs
E

. 003 3 (1 - ps)a

whero ..-. . .. -

848

. .“(2)

.—. .- . .

A rotationof olampingringdue to unit momentper utib
lengthof olamp~ngedge .

Mffeot0 WII”loausoan increaseIn oenterdefloattoa.
If tho platebahavoelikeam olastiomombrano,thle izmroaso
Is givenapproximatelyby equation(OZ4)

4V0.(–) 1 Ithm

’000 “51-M

whora — —.

K sp~oif~ooontraottonof diamotorduo to unit radial
force per unit lengthalongqlampede~ge

The effeo%D will generallycausea changein oenter
deflectionof the plateas an ela6tiomembrsae. It has
no effeoton the deflection due to-bendin

7
whichpredomi-

natesin the Klrchhoffrange (wo/h << 1 . If the plate
is inifiallybowedintoa spherlczalsurfacewith oenter
deflectionw s the inereasoSn &Bfleatlonas an elastio
membrane (Vo}h >> 1) is givenapproximatelyby (D6)

Init~albowingZntoa epherioa~eurfacewill havea small
offooton the deflectionaa an elau~~omembrane,providod
thattho tnitialoontordofleotionitismallcomparodwith
tho thloknossof tho plate. It is boliovodthmtthis oon-
dltlonwam eatinfiodby most of tho platoratoOtod. Tho
otatimatodinitialoontordoflootionIS glvonin tho last
c?olumnof tablo36 It was less thaa10 poroontof thO
platothioknos~oxooptforplatotaZ, M, O, P, and E.

Tho spring eonstndtisA an& R aro charaotorietios
of tho test flxturo. ~hoyworo dotorminodo~orimoatmll~
amdosoribodin appond~xosB and O with tho result

. . . . .
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Suhsttt~:lonof.these?aIuetaih (2)and (~),~~e the

()valuesof + and ()
AIJ

listedIn table*- The .
oo B :00~

effeot.,onthe centerdeflectionla lessthan 1 peroenti%
everybase- It MY be ooncludedthatthe fixturepro~ide~ ._”
a closeapproximationto rigid clm~n~. . .. ... .—“.

ho methoihwereused for.aomputlngthe relatlyein-
creaseLn centerdefleotlon(la)due tO membranestresses
setup by the clampingprocmdure~ In.the s+se of“plates”
with th30bess above 0C04tnoh,’thodeviation(la]was
computodas outllnedin append~xA (dieoussionof equation
(A.22)) fromtho initialelopoof the defleotlon-pressuro

..

ourve nnfl fromthe JmownValuo of. ~. A differentprooo-
durewas appl~eilfor platesof thioknessless than 0.04
imh becauseamouratevaluesof initialslopewerenot.
mvallahle● In the case of theseplates,the effectsB_~d
6 were neglectedand (la)WRS takenas the devi,,tionfrom

.-

the”theorettoaldefleotlona~~ordi,ngto Wayls theoryfor
u ideallydamped ai.rmlarplate (roferenoel)- ~he re-
sultingdeviationsin the Klrohhoffrange (we/hc < 1) .
are showntn the thirdcolumnof tmbloB.. They riri~ed

-.—

from48 percentto 60 peraont. LChedeviat%onwas less
than10 peroentfor only8 of tho 19 platestostod. Tho
fOFaulaIndlcatodan lnltialtension (Awo/woo)h< 0 in
la plcbtosand an lnit5.aloomprosmion‘&o/woo~A,> 0 in
3 plates. “ . .

Doflootion .

~he deflectionof the plate=was measuredrelatlveto
the.‘strainfreati.oiroukr.referenoefrnme Al (fig.12) .
b~ means of a &\almicrometer B=. Who hellealplunger
springwas reqovodfromthe dial so that the foroe on the
platewas Mttle.more than the.weightof the pl~ger ~n~
ball-pointedextension.Zhe dial“wasmountedao that It
oouldbe looatedalongany Mnmetor tn stepsof i/20 iach
by means of the clrcnumferontiallynotchedbar H3 In tho

● V-notdioasupport 12 ~d indexingrangs % and .~~~.
Yho outor&ing G= was suppo%todon thareopost6 D~, ml,
31

●
that restedon steelballswhoso sookotboonstithto~

a point-line-pianosupport. ....

rho s~lest eubdivieson’ontho dlti gago indioatod
1/1000Anch. ~oadtngeon a givenplqto..oould.loroy-ontod
withinthssPaluoo Who orroi .$n roadi+g onusodby tho
faotthat tho suppbrtpoiritsof tho refor~ncoframoworo
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at Dl, ml, and 3% (tige.8 and 12),
●

Inoteadof at ‘the:
rim of the platewas estimatedby observingthe defleo-
ttonof the rim with increasingpressure- A“defleotka of P
less than 1/1000inohwamobeerve~on aa 0,050-lnohalumi-
num-alloyplabeat a pressure.of 400 poundsper equareInG&.

As the preastire increases,the shapeof the defleotied
surfaoechangesfrom thattypicalof a heavyolampedplate
with zero elopeat the edgemto that oharaoterietiuof s
thin skis, This transitionis broughtout oloarlyia the
plot of figure13 glvingmthe ratioof the moa~ug& doi%loo-
tlonto”theooatordofleotlonfor “plateM at prossurosof
2.andof 30 poundspor squaroinch. .. .-. . .—

In the caseof host of.theoiroularplatoetostodonly
tho Yariatlonof oont-ordoflootionwithprostaurowas moas-
urod. After o~orysecondor thirdroadiagof oontor.dofloo-
ti.oa,tho prossurowas roduoodto..=low i?ll$ia~ValUQ.@ad.
tho pormazz~atsot at tho-c!ontorwas moasurod. Flgurefa14
to 20 show.curvesof totaldofloationand of pormanoatSO*
at tho contorobtalnodin thismannerfor tho 19 plates
twubed,

At low loadstho centerdeflectionwa~ fouadto in-
oreasedirectlymwiththepreseure;it inorgaaodmore..O.luw-
ly as the membranestressesbecameimpoetantand it ap-
proacheda llaearvariationwithpressureaa yieldingin
the platebeoameproaounoed.The permamentsetat the oea-
tier inoreasedat an LaoreaBia.grateand~-oept for Watea
Ot p, ~, and E, approacheda etraightline thatwas nearly
parallel.to the asymptoticstraightline for the totalde-
flectionat high presouree.Tho intersoottonof the j?lret
straightlinewith the horlsontalaxis dofiaosa prossuro
thathas been euggostodby O.omm@n~or3. D. MaoOartas a
oonvenlontmeasuroof yleldlngin the plate. Thisprossuro
is roforredto as tho ~Xavyy$ol&prossuro~nrho pormanoat
sot oor~oepoadtngto thispmossurowes foundto range”from
0.002to .0.009inoh.-Tho Mavy yieldprossurowas In no
oasogroatorthaatho prossurooorraspondingto s pormanont
sot of 1/600,thodlamotorof tho plato (OBO1in-)c This .

?
ressureaad the pressure~ a set of 1/200the diameter
0.026In.) are also givenin table1.

Strain

Surfaoestrains Mere measuredoa the 0@032-iaoh178-T
alum%aum-alloyplate M wtth Z-inohT.udkermanstrti gages

?

. . . . . . . . . .. . .
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s
plaoeddireotlyon the surfaoe-of the plate-(fig.21). !Che, ,.
strain readingswere oorrectedfor the apparentStrain ,due

* tlo bowtngof the platebetweengagepointgby addinga t“erm

(Y
~

5zr’
where 1 3s the gage length(1 InX) and r +S - ‘“ - -.

the sxorageradl=sof ourvatureof the platebetweenga e
Tpoints(obtainedfrom the tlefleotionourveof tho plato ●

A dorl~ati.onof this oorrootion will be fotiiidon pago 7 of
roforonoo2.

.
Wl&zro22 showsthe averagoraalalstratnovor a 1-

inoh~age.lengthat a poant1.6 inohosfrom tho oonfio=of
tho platoas a funotion of the pressurefor a diarnet’er-in
the Ureotlon of rollingand a iilametkmat rightanglesto
that direotion.ghe etrainin the &irectionof rolling
was found to be oonsistsntlysmaller than that aorossthe
direotlonof rolliag,the dtfferenoebetweenthe two reaoh-
ing about5 peraentat highpressures.

5!hesurfaoestralrnshownia figure 22 ~e-av~ra e ~ql-
%uee over a gagelengthof 1 inoh,that is, ovora lengt

thatwas 40 peroentof the raatusof the plate. Looal
valuesof radla.1Btrainon anothor0s032.inch178-Taluminum-
alloyplate M1 were obtainedwlthlnthe elast~orango by .
measuringaverage.stratnson ovorlappid~gage llnosan~ then
applyingthe relatlonsdorl~oit~y””koonspan (roforenoo3)
for aotormlnlnga funotlonfrom a sot of xseasuroamoanw&l-
uos of that funotton. ___

l?lguro223shows“tho aistribuljion of ra(lial surf~oo
strainin tho plate for,anumhor of pro”esuroevithiqtho
olastlorange. rho ourvos showthat,with increasingpties-
sure,the point of Inflectionmarking the transitionfron
tenstleto oompresslvestrainsmovestowardthe edge of
the plate.

8trahs o~er a Oml-tnohgage lengthat the oenter of
the plate on another0_032-lnoh17S-T

T
late IIm were “me”a”O-

med by a Heissetransfer(referenoe4 oombineilwtth”a1-
inchT!uokermanstraingage~ The resultsare shown$n fi.~
ure 24.

—---. .-

~lgures22 and x both showthat the strain,. llke the
oeater deflection,Inoreased.at a decreasingrhtetis-th6–
pressurewas tnoreasedUp tO pres~es sufftolentto oause
considerableyleldlngof the material;from this“po~nfi-on “ .
tho strainInoroasotl mororap~dly.

.,-.—-
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Defleotlon

The shapeof the ourveintowhichan elastioplats 18
deflectedby normalpressurechangesoontlnuouslyam the
platepassesfroma oonditionwherepraatloallyall of the
loadla carriedby bendingto one wherepraotioallyall of
the load 1s oarrledby membraneaotion. ~he ratio we/h
of oenterdefleotilonV. to plate thiOb066 h O=n be
used as a parameterto describe the “changein shapeof the
deflectionourve. If vojh< < 1 the deflection18 that
for a Klr@ohhoffplatewith olampededges(e.g.,roforome
5, pm 56);

(5)

vhiloif we/h> > 1 tho deflection3s that for a thin
skinvhomo shape~EIaocordingto Eomky (roforenoo6), for
p o 0.3:

*4
~ = 1 -09866 ra— .0.088 ~-0,006~- ...

F ‘0*020ae
(6)

‘o Qa Q8

~ho doflocstionourvosoozcospondtngto thosotvo OX-
tromo oaaosaro shovnIn figuro13, togothorwith o~orl-
montalvaluesfor a platowithoutapprooiablopormanont
aotat tho oontorand vtthratiom vo/h = 0.72, vo/h = 3.12.

~horovillIteA furtherchangoin tho ahapoof thu do-
floetion ourvoas y~oldingbocomosapproalablo.,If tho
yieldingis looaliiodnoai *O
rolmtivolythickplato (h/a>
doflootton curvovill approach
supportededges(see roferenod

r8
4 = 1 -1.245—Wo a’

odguif tho platoas In a
0.025), tho ~hapoof tho
that of a platovlth frooly
5, p. 57):
.

r4 “+0.246 ~ (7)

In a very thinplate the yieldzngvill quickly spread”over
the entireplatw,vhiehwill thentendto go Into& spher-
ioal surfaoelikea memlmaneunder constant teiauion.Whe
shapeof the defleotlonourveis givenby:

b

-.
r

. .. . .. . . . .
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a

-11

(e)

Both these curvesare showhIn’figure26 togetherwith ex-
perimentaldeflectionourvesfor a thlok17S-Taluminum-
alloyplate (h/a= 0.0356,we/h = 1.S13) and’for a th~n
plate.ofthe.samematerzal (h/a= 000128,we/h = 5.01).
Kost of the pl~testestedfor th-epr’asbnt lpvps~tga.ti,~
approachedthe aondltionof a..membr-edeser.i~edhY equa-
tlon (8) as the pressurewam Inore”ased. .

. .._

.“

l!herelationbetweencenterdeflooti.onand PromsurO .._.. .
for an Olastlcplato of modlmmthloknosswith olampod
odgoshas boon invostlgatodby appro~mate methods-bya
number of authors. I?adai(roforence5, p. 297,equation
(57))dertvodtho rolatlon .

3
~o r) sp~
— + 0.583h + c)‘=T- (1 - pa) (9)

by”solvingtho difforontlaloqqatlopfor a.platowith largo
doflocttoneub~ootadto a nearlyudfcirmpressuredletql@-
tlonm T-tmoshenko(referenoe7, p. 319, equation(219})de-
rived

(10) .,

On the basteof”&iaseumedradialdisplacement66rnb~n6d_
w~th energyoonstderat’tons-Eederhofer(reference8) de-
rived -.

. sEQ+(19- ()9p) (1 + P) ~ .3pa4
h“ (h)

—--
40 h 16 E (1 - Pa) (11)

from the differentialequationof the problemtogetherwith
a suitableaesumpttonfor the radl~ dtstrl~utlonof mem-
branetension. Yor u = o*3 the ooefflotentof “(wO/h)
becomes0.529,whtchIs betweenthe correspondingv~luesof
equattons(9)and (10)- A procedure,aiialogousto ~5pplieJ
eolutton(reference9,

?
230) for the”aenterdeflection

of a reotangula,rplate &pendlx E) gi+em.. . . ..._:_..
‘3‘o— + 0.588 c)

3pa41
h + ()(“=iFmli - i=) .(12)

.

Boo%nov(reference10) solvedthe different”lalequation
.

.-,

.

.

-..
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of a oiroularplato of=odium thioknessw~th o%amped0Q08
upon tho aeeumpttoathatthemembraaetemsioa~a oonstanb
throughoutthe plate. & ‘exaotUsolutionof the differen-
tialequationfor a oirotalar platewtth olampededgemwas
fidstobtatnedby StewartWay (reference1). Waytmsolu-
tioaas well as the approximatesolutloa~(9) to (12)and
Boobnovlssolutionare showsgraph~oallyin ftiru’e 26 for
the mpecialoa~e p = 0.3. The eix curves differfrom
eaoh otherlessthan 6 peroent. Observedvalueso~~eater
deflectionare showsas opeapointsforpreseureoat whioh
the permaaeatsetwas leeethea1/500the diameterof the
plateaad aa solldpolnttafor greaterpreesures.

.
r

It Is eeeathat the experlmantaldefloctloasaoasis*-
tant17exoeodthe theoretloalvazuemby 4 to 12 perooatfor
pa4/Mh4> 15. A{ low pressuresthe theorstioalourvomaad
tho eqpegimeatalpo~nte aro in agroemoat.

StreeOea

The st.reaaeain a oiroularplatewith olampodedges
uaderaormalpreaaurehavebees evaluatedfrom the theory

●

by Way (rafereaoe1) for oenterdeflecti.onaup to 1.2
timesthe thiokaeaaof theplate.,Aa exten~ioato greates , E
valueaof vo/h seemeddealrablqaiaoasome of theplates
testedat the 19atioaalBureauof Standards(e*g-cPlateK)
were stillaearlyelaatieothat ia, showednegligibleper-

. maaentact,at we/h = 4. It waa deoidod,accordingly~to ““-”-‘:
extendWaylaaolutloa,but this oxtonsioawaa aot oarrtod
beyond u /h = 1.6

!a+olvod.
boeauaoof”thooxoosatveamouatof 00*

. putatioa .—

It appoaradaooosaaryto roaortto ono of tho aPPro*-
imatothoozloaoitodSn roforonooe5, 7, 8, 9, and ZO in
orderto oatimatotho etroaaoafor we/h> 105m Xxaniaa-
tlon of theseapproximatetheoriesahowedtthaton17Hadaiia
approximatetheorygave atreagegin clo~eagreementwtth
the valueagivenby Waylatheory. This resultwas to be
expeotedslnoeMadaa:atheoryla thg only one of the ap-
proximatetheoriesthatgivesa sol’utloaof the differen-
tiale~uationfor a platewith largedefleotlona.It dif-
fers from Wayls solutionoalyia aaauminga ooaveaient‘but
not quiteuaiformpressureddatrllnztloawhileWay solved
for a strlotlyun~formpreaaure.

Yhe oaloulatlonsby Madallatheorywere aocordSnglY -

.

..

., . . . . . . . . . . .. .. . .. . ..-



.. .

e’itendedto valuesof we/h = 4. (At we/h = 4 the aeenzme~
preesuredeviateafrom.ita averagevalueabout25 peroent
at *he centerand about5 peroeatat the edge.) The-result-
‘Zngpressuradefleotlono~ve IS ~hownas ourve F In fig’uro
26m It agrees wtth those gtven by equations(9)and (12).
The oxtaeme-fiberbendingstre-eses-d the median-fiber
tensileetresseein a radialdireotionfor the oenterof
the plateana the cage of the plateare plotteaagainsttho
oentordofleotlonIn figure 270 It i’ss%i-diki%fiOl!lf~f@.iXJ- ‘-
27 that~adai~eand V~~S thoor~osaro In goti agreemotit.

The plate~lth l~ge defle~ttonjustan the KiroKhoff
plato3S mosth~ghly~tressedalongthe olampededge,the
-Ximum raatale%ressbe~ng~out threetimeeas largeas ;:.-.—
the maximumstreseat the oenterfor we/h = “4”. ~he riedGui-
fthr tenelonat the oenterexaeeasthe extreme-flherbend-
ing stressfor we/h > 2. At the edgethe extrdfnd-ftber
beadingstress 1s mor~ th~ five tzmesae“large as the me-
aian-fibertenmlone~en for we/h = 4.

EadlalstraintaCw oaloulatedfrom the stressesao-
eordlngto Way!Etheor~and aooordiagto Madaltstheory
(fig. 27) by euhstttutionla

where ~ 18 the radialstressand U@ the tangential
Streee,are Compare&with moasureaetralnBfor plates ~’,
~u, in figures23 and 24. The theoreti.oalstrains8x-
oeedeatho obeerveastrainsfor plate HI ana theywere
less than the-o’bservoastratnsfor plate Me. ~he &l-ffe??-
enoeemay be due to aifferonoenIn clampingoonal%ions.
tirvesof ocmter dofleot~onagainstpregsurofromwhich .“”“
such dtfferonoescouldbe ostimatod woro not obtaineafor
thosotwo platesbooaueotho straingagesIntorforoawith
imoasuremontof tho oentordafleotioni ,“

—.

-.

.
PermanentSet “

,.
.“

Theoretlaalvaluesfor the pressure,at whiohpermanent
setat the centerbeeamenotloeablewere aerivedas,fo~~,ows:
It wae.asmmea that the beginntngof per-neat ee~ would.be ‘
aseooiatedwithyielaingeitheralongthe edge of the plate
or at the oenter
be computed”from

of the plateand that th~kylel~~rgoo~d” -
the theoretloalstressesupon the as,surnp- “ ““

● A



.

tion of the won Mioes-Henokgtheoryof photio failure- Ao- “
odrd!ngto“thistheory(referen,oe1,1Sp- 7.s:}plaatioaotioa
willbeginwl.derthe acttonof psinoipalstresses Ult Crae b . .

. CT*when. .. . . . —. .

. .

where ~ is the “stressmat wh~ehplaetioebtionbegin=in
stmpletension, .,

.

At the edge of the plate

where. ..

Ure extreme-fibertatrentain rad%ald%reotionat edge
of plate on oonoaweside

‘i= exbreme-fiberstressin tangentialdireotlonat
edgeof plate on oonaaveside .

The value of ‘v mumt be equalto PUre sinoethe tian~
gent3alstrain (+ - MUEa)/B ig assumedto be sero for

~“r~ea] olamping. 8ubstitiu%ionof SquatIon(14)in equat~on
13 g ves.witb-B = 0.3

.
u=’ “u ..

(16}= .1.12Ur,”” .-re =
J1 -l&+ Iba.

.Itfollowsthat
.

.
cry as Ure a= -
iir~ = 0,89—

mr

.

(16)

—.

..

a. .,
Aacordingto fiare 27, ~ $ 58 a“fanotionof.tho oen- t
ter deflootionratio wo/h-a~d henae,acoordingto fig-
ure 269 a funoti”onof thopressuro”ratiog $, Zho.ro- W

~ aa pa4
sulttng’relat~oabetween. ati~ s in plottodae

mi=
curve A to log-logiaaloe.in fi~rqa 28; 29s and ~0~

~ho theoretloalpros.aurofor Yieldingat.tho ~oator“

...

. .

. . ... . .
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may ho oomputodin an analogontamanner. rho
Strossosin tho piano of tho platoaro equal
so that equation.(14]shouldbo roplaood by

where f%o iIEIthe e~reme-fiberstressin “a

15

prin6ipal-
a“ttho-oontor...

(17)

rddialdireo-
ti-onat the oenterof the on the eonv~xeide~

(1771;18/13)glveta,in plaQe of
8uh-

stitutin*of equation
equations and (16)

% o ‘% “ ,

..

ghe correspondingrelation..between~ au. *a4

mii=
and ~

.-

3.sehovnas ourve B in figures 28, 29, and 30. -.
A oompartsonwith the e~erlmentalyieldpressures

givenin table1 was madeas foli’ows;”-The stress S7, . -
that 2s, the stressat whlohplasticsaot$onbeginsin ten-
sion,was replaeedby the averageof the ao.nvent~onal

, tensileyield strengthin a lon itudlnaldireotioriand In
Ta transversedi.reot%on(table,1,. The prtissuie”for tho

begZnnZngof plastloaotionwas replaeedby the Mavy yield -
pressurein figure28, by the pressurefor a setat the
outer or 1/600the diameterin figuro29, and by &e
pressurefor a sot at tliooontorof 1/200tho diamotorin
%Sguro30. . ..

Qho obsorvodpointefor tho eight17S-Egplatesfall
elosolyon a singlostraightllno. If tho obsorvodpolETs---
for tho othorplatestostodaro also-”i~~ludod,theymay all
bo roprosontodapproxlmatolyby a straightllno 6 that +%OS
botvoon tho thoorotioalourvoefor:yioldlngat tho odgo
(ou.rvoA) and yloldingat tho oontor (our~oB). mxaml~am= “—
tion of figures28 to 30 shdwsthat for valuesof ~ -/Rh
up to 80 tho llno O givestho moesurodEavy yl.oldprossuros
within~4S poroont,tho proseurofor a sot et tho oontorof
2a/500”wlthin*34 peroont,and tho pr”ossurofor a sotat tho
eontorof 2a/ 200 withtn*42 poroon~.

A larger““soattorwas foundfor tho very thtnplates.—- . . . ..-

---.. .
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(U+a/I#h’> 80) tn whlohthe iaitialtensionduo to olamp-
~

in& and the deviattonfmomperfeofiflatnessaro likelyto
be largostt A largo soattoris to ‘boa~ected beoauseof ●

theuse oi?theteneiley~eld strengthas the parameterohar-
aoterizingthe beginningof plastzaaotionof the mater~al
in the plate. 9!hieresultleadato a partimzlarlylarge
error In the easeof the aloladmaterial,In whloh yield-
ingon the surfaoeof theplatemay takeplaoeat rela-
tivelylow pressure,&lthoughthe ‘averagenyield stromgth
am fletorminodby the tensileteOiinay bo rolativolyhigh-
ZhisVZOW 5s supportedby a comparisonof toms~loYield
etrongthmand.pressuresfor yielding (tablo1) for tho
246-RZalokd platesand tho 17S-E9!aluminum-alloypl@toSo
~ho tonfiiloyieldstrongth~of the 17SdlTmaterialaro
about9.poroontlowor tbm thosoof tho 24S-ETaloladma-
torlaland yot tho 17S-E!I!platoehavoyieldprossarosthat
oxooodthosofor tho 24S-R9alo~a~platesb~ amounts,upto
2~ poreant.

Anothordosoriptionof tho oxporimontaldatain f~~
uros 28 to 30 wao obtainodby makinguso of tho oXpor~-
mcmtalresult(figs.31 to 33) thattho yieldingbegan
when tho oontordoflootionof tho platoroaoho~a valm
whlohwasroughlyindop~ndontof tho thloknossan~ of tho
matar5alof tho plate. This valuowas about0.11inohfir
thoNaw yloldprossuro(fig.31), about0.12 inoh for tho
prossuro oorroapomling t.oa sot of 1/.500tho Ulamotor (fliB.
32), aad about0.14inolifor a Sot of l/200tho di~oto=
{fig. 33).. .

Tho forogolngoxporimontalsosultmaY bo mathomat~oall~
o~rossod by sayingthatyieldingbeganwhen tho ratio

3 E oonst ..
a (19)

rnxaminatlon@ flguro27 ~ndioatodthat a relationof
I this typo shouldha3Eapproximatelyat largooontordofloo~
tionnboth 3f tho yieldingis ustaumcdto beginvhon tho
modlan-flborstrainat tho eontorronohasa orttioalVa~UO 9
nnd whoa tho oxtromo-fiber bondtngstrainat tho odgo
roaohomn oritfoalvalue. .

m
A rolmttonbotwoonyiold%ngprossuroand lato thiob

noss may bo obtalnodby Insortlngeq=tion (19T In tho rol-
ttonbetweenpressuro and oontor deflection.This oontor-
doflootionrelationis, aooordlngto. oquat~om(g-) to (Ia)s
of the gonoraltypo .--—.—. -.-- —- -——

.

. .. .. . . .



(20}

whoro kz and ka nro ooIIEitnntssItllmlnationof *O
from (19)and (20}givestho.desiredrolatlon:

(21)

whoro k~ n,nak4 aro mgulnoonstants~“AQeterm3nation
of theseoonstants‘byleastsquaresto give the beretfit
to the observedlvaluesof p/S ga,vet

Yor Eavy yieldpressure

“ “10’:m1=’30°0 :)

~or pressureat set = 2a/600

1(P ~ = 2-78
B Goo :)

~or pressureat aet E 2a/200

~oe P~ = 40,45
@oo :)

..—

‘0”274e003’(=’-5-
+ 0“22’(!OOv (23)

,.

(24)

Uquat20ns(22) to (24)are showntoge,therwiththe
o’beervedpointsin figures34 to 360 Zhe soatter1s of
the same orderam that for the morerationalourveogiven
in ftgurea28 to 30.

.
......_.

ghe prhoipal differenceBetweenetralghtlines 6 in
flgw?es 26 to 30 anLl the empir~oalrelatlone(22)to (24)
is that the empiricalrelat~onsdo not in~oivethe yield

.

etrongthof the material, Zhetr applteebllltyto the pres-
ant seriesof platee*S e

7’
Iatne&by tho faot thti%th6-

otralndefinedby ~teltlE 1s roughlyoonstant,about
0.005,for the materialsinvestigated(tat)lo1). If the
potntsfor platoeO and 8, whichhad valuoeof ~tOla/s
of about 00004,are omitted, the scatter is red.uoeill.It ie
maferto use the straightlines O (figs. 28 to 30) in
the cases where Uyieldp Mffercigreatl~from 0.005.
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~he pointsfor plates H, M, O, PO Q, and ~ that
devlat~onIndlaeegreaterthan20 ~ercent“acoordin~to

had

table2 are labeledin fsgures26-to36 for oompa~lson
with the po~ntsfor the rest of the plates. It vil~he
notloedthatthe soatt-er of pointsabouta oommonoarve
wouldhave beenr“eduoedby leatingthesepotnbeout of eon-
sideration~

?TationalBureauof Standards,
Uashlngton,D. 0., Ootober..10,

~MDIX A

DEVIATIONSPROM Iti 0?WIFIIW3

gXl?SIOM(OE 00MPRMSSIOIV)
>

The platemay be in a stateof

1941●

D~ TO IMITIAL

m PLATE

Initialtensionor com-
pression~Ue to the olampingprooe.dureor @ue to differen-
tialo~ansion as the resultof.temperatureOIMMgOS.

Initialtensionwill lowerthe dofleotionof%ho plate
in tho Kirohhoffrange,that1s, at suffioiantlylow loads
to mako we/h >>1, by an amountthatmay bo estimated
fromNadal~eanal~misof a plate~ilernornalprossuro p
and undera uniformoomprosslonof n units of foroopor
unit lengthof oiroumj?srenoeoThe defleotlonat a pointa
distanoe r fromthe oenterof auoha plate 1s, aooord-
ing to Hadal (referenoe 6, p. 256);

where

P normalpressure
aa n/M

M flexuralrigidityof plate c%h3/12(1- Pa)]
.

E Young~smodulus”ofplatematerial

-.

●

8

.

(Al)

. . . ..
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P Poissonlsrafiloof platematerial

h thidcaesmof plate

-a to and J% are Besselfuaationaof the first MM
.—- . . . - . ..

u(3Jo(x)=l-~-
()

+~=’-~-e+-,o (A2)
, 1: 2!= 2 3!* c)

[

a
. Jz(x)=: 1..L(5) + “1

. 1X2 2 1X2X2X3

.

substituting .
.

.
..

.,.
(A4)

where at is the tni.tlalmembr~ stress,in (Al]aad
carryingout the eerlese~anslone,(A2)and (A3)leadsto
the followingapproximateexpressionfor-thedeflection
ia the Xlrchhoffregion;. .. ,

. .. .

- ~he centerdefleotioais .
Z*4

(

11 ntaa
W. = ir(o}’= ~l. —

, 72 r )
(A6)

If woo deaoteethd oeatardefleotlonia the ideally - .
clawed plate (at = O) the relativeIncreaee In qenter
iieflectioadue to-ln3tialteasi.oa Is gives‘by .

w -w
’00 Q -- :* -“”-1“833‘i -.~a)#. . (A7)

The relati~eIaoreasein radia beadingmomentat
the edge of the plate duo to the”%easion nt . .may be oal-
Oulatodfrom (A5)as follows: rho radialboadla modest

Yat aay potntIn the plateIs (reforeaoq5, p. 57 :

.

. . -.. — --.
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4Paam=(r)= - ‘a @-.4(1*) + 4(3*) -#-
[

6(1+v)64 lall .-

.
l}

(A9)+ 9(3ti) $’”- 12(5+1.d ~

.
~he radialbendingmomentat the edge 16

‘a
[

=m=(a) =-+” :
1

l.+=* (13 4-3A) * ““ (Ale)

..

and the relatlveInoreasein radialbandingmomentover *he
bendingmoment mao for an ideallyclamped plate {n*= O)
tiectomesg

.
AmaQ =‘a 1=* (13 + q.b)*. ‘ao mao

(All)

The effeqtof the Initialtension ut in deoreesing
the centerdefleot~onat high~res.surefor whiohthe plate
approaches-theoonditionof a Gircularmembraneis given
approximatelyby substitutingat in (04):

W()= &. (Az2)
4hu

where

. .
is the membranestressIn th~-platiat the deflectionoon-
etderedDoonsistlngof the membranemtross aw -dueto tho
defleettonw~ at the contor,and tho tnitlaltension,c+●

rho relativoincroasoIn oontordofloctionovora “rnombrano
with zeroinitialtonaionis then givenby

g=uo-a Uo-(aw+ut)
‘oo u= .Uw+crt .

(A14)

An approximatevaluofor tho mombranotension aw is ob-
talno&by oonsidoring.tiomombranoto.doflootintoa sphor-
Ical surface. This stifaco”coltiotdos,for ratios
vo~a< < 1, with tho parabollosurfaco

..
s

#

. . . -. . .. .. .



,

(
a

w=w~ ‘1-“>
a ) . ..

.(A15)

Too r=o,“
a

.—
~hls straincorrespondsto an average

In partloular

so that

(-U6)
.—
.._

.

----- (418)

(419)

SubEtltik@%hIeI expression in qquatton(A~4), assuming
that (Awo/woo)a< < 1, givesan equattonthat may be

.—.-
. .- .-

solvedfor ~wolwoo with the followingresult:
.— .—.—

Awo , dt.
—=-wo+ut~o o

. .
----(420)

.
.-

.
substitutionof (A18)an (A20)gtves~

●

☛✝✍ ✎ 1“ Ew 2 ‘ M.w .:(l-P)3<
E Woa

(A21)
00 ——~ ‘ -l+l-Put

The relativeeffeotof the initialtensionon the oenter

.

-.

“. ---- --

..
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&&lection decreaseswith.the inversesquare of the oeater ●

&efleetion.

‘h est~mateof ht.= ~th
.

vas obtaimedfromthe oh-
~ervodhltial elope W./p of the ourveof center defloc-
tlonagainstpressuroupon the assumptionthat this slope
would%e oqtialto that for.an ideall~ol-Po~.Plateox-
coptfor“thecorrectiondue to rotatio=of the clamplng
edgesand due to tho Snit$altension- Zho initialtonelon
per uzdt length nti is thenfrom (B16)s

(A22) .

whero W./p deaotestho meaaurodInZtSalslopoof the
c3urvoof bonter

Zhe YdU06
Zn (A7)to give
l~stodin table

aOf100ttOn agatastpressure.

of at derivedfrcm (A22) voro eabsti~utod
tho dovlationIndLoes (Awo/woo)Athat aro
%. .

APP3~IX B

DEVIM!IOX83RON IDE.UULUPII?GDUE TO ROTM?1ON
●

Rotationo~the olampingrings Z will havo tho
groatostporoentagoeffecton tho doformatlonof bhoplato
at
$
ow lo~de for whiohtho”Klrehhofftheoryholds. Yho

of oct bnqomesnogl~gibloas tho plate.approaahostho oon-
d$ttoaof a moml?reqaoah h~ghprossuros. “

Tho d.ofloatltxr w(r) of a cirouhr plato olaqoa in
torsionallyolaetloodgosmay ho coneldorodas tho result.=
an%t .

. . (m) .
?

~f tho dofleotionWI of a ylatowithrigidlyd.ampod
OdgOEI(rOfOroaOO%, pp. 66-57):. .

-.

-.. . . .. .. ... . .
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where ,..-.... . .. .-”?. .

Pa pa.rti+presmre require&.tO prodwoqdeflea*ionVa.. ..
F totalpressure (p~+p~}’ “ -

.“..
~he pressure pz willprt&e a

memt ma per unit-lengthof ola~5ng.

‘“ma’= ~(a) E . 2J#

.. - . “— - .

radt-al hend~ngmo-
edget

.. [34)

whichwill oausea rotationof the oiampingrlng~ -,.

.- Alikaa
“ ~tia*.—

., .. . . 8.
.

vhere

(36)

A rot”ationof olqing qing (ridlane)dus.tountt moment
peg unit lengthof olamping edge ----

-...-:
The rotationof ths olhqpingring (BE)must be oq~i to the
S1OEOof the plateat the olamp$ngedge,wh~dh is from (El)
and (3i3)~ m .. ..

.

. Pi. . .
Yhe centerdeflection

V. = w(o) =

Jl+i).iB”’”.” (B7)-.
. a“. , ..”

heoomesw~th’(B~j-a&l(B3)”’” “--””“

[
Wz(oj I“,%”.(5”+p) A S .

1
(Be)

a

.

..

..

...

.

:

-.—

..-

.,

.—



The.center defleotlonwoo for-rigidclampingfollowsfzom ‘
(B8)with A = O. Zhe relativeInoreasoIp canterdefloo-
tlonfor a gtyeza total pressure .p - pz + pa 36, thero-
f’ore:

.

(B9)

for &ui?f3ciientl~smallvaluesof A
(
All

)
~<<1, thts OX-

presston is approx3matoly:

The beading moment

A~hs
7= (Blo)

3 (1+%

at tho-eiigeis from (W) an& (B7)

..—

[
.“+1”. (1*) A E/a

a

1 + (l+ldAE/& 1
(3311)

●

or for Al?/a< < 18

Yho springc.ondtantA wae dotormtnodoxporlrnontally
as follows. A pair of rolatlvolythicskalumlnum-allo~ .
plates (h = 0.0627tn.) woro 01

-!
o~ in tho testflxturo.

- A sot of smallprisms (M, ftgo10 “_wQro then fastonoato ,
tho olampingri.agto moatmrotho rotationof--thoalamping
ring out of a horizontalpiano,by moans of a Tuokorman
autooollilaator.190rmalprossuro was appliedto tho plato

~l&awl both tho rotation . of tho prismsan~ tho oontor
dof%oat~onwo of tho pla%oworo noa”suhodat a numberof

. . . .. . . . . .
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●

pressures p. The resultingmlues were fO~a to inorease
linearlywith the pressureso that m straightltqe oould
be drawnthroughthe points. ghe slope8”%JP ma %WP
of thesetwo mtralghtllneswereused to &5fsEtiin6A &O
followsx

.,
. .

If It is assumedthatthe plate behaveslikea rigidly”
olamped Ki.rchhoffplateexeeptfor a uniforminitialtom
Iaionn~ and a rotattonof the end elarnps,the slopeo?
the cmme of oenterdofleetiomagainstpressureourve1s
glvonby

. .
-.

.

whore denotos tho dovlationfor Ln%tialton-(&wo/wOO~,wo/=oo~B
sion (A7)=a the dovlationfor retatlo~.of
the clampingrings (BIO). Substltutlngthosedevl.mtlons
togethorwith tho eontcmdoflootionfor tho clampedplato
(s0032) .. -

..-

.

9

(B16) . .

givo a . .

“(316)
-.

.-.
.-

for tho Initialelopoof tho eu~roof con,tordofloction
againstprossuro. Tho tnitialslopoof tho ourvo for rota-
tlon of tho elnmplngr,ingsaga$nstprossuroIs givenby-.

W:a WI(CL) Laa—= —=—
Q R P.

...=.-. . ..-. .-- .-*

..(B17)
. .

whoro ma is the radialbondingmomontat tho odgo of tho
plate. Yhts o~rosslon may bo wri.tton in analo~”%o oq-~”
t~on (B14)as ....-

—..

.

--
—.

i (131_8)
whero (Ama/mao)Ais tho relativoInoroasoin odgobonding
momontduo to initialtensiongivenby oquation”(All),and

.--—

●
..

----
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#

(Qmao)3 is the relative inoreaee due to rotationofithe
edgesgivenby equation(312)0 ~ubstitutlngthesevalues
in (S18)glvee~

XlimZnatlonof at fromequations(BZ6)and (B19)gi~es
the followingequationfor ~:

Measurementsfor plate O gqve
.

Wo w:=
— = 0900260OU inb/lU
R

and H - 10-~ Bq i?ej~h
T

8ubtati6ut40nof thesevaluea, togetherwith the Ognaballtw-
a = 2;5 Snohee; h = 0,0627inoh; M = 10.6 x 10° ouads
per squarelnoh~ aad y =,3/s - Yin equation(B20 and
Bozvtngfor A gave

Yho olampingring willcontraotundertho aotionof
tho membranetensionsetup in the plateat highpressures
and $hZe oontraotion willreducetho tensionin thoplabo
and will inoreaeethe centerdefleotzlonoorrospondingto a
g~von Jrosstarem .

& approxSmhto-estimateof.thiseffectwas obta~nod
b~ r“oplacingthe platoby a mombranounderuniform ton6iOn,
whtohbulgesiatoa sphorloalsurfaoo w~th contordofloa-
tton Wo. ghe doflootionof tho memlm?ano at a distamoe r
fromtho oontoris-then

“=”4-5)

.

,

..

.-

■

-. . . . .,
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.“

The curmatureof the membraaeis

1“ dalr 2W
-=p=-*a

For equilibriumbetweentheualform
the plate and the extarnal pressure
611)s

.-.

. .(02)

teneile strees u In
p (refereaoe12. p. -— ~

((m)
.
so that the centerdeflection.iegive-nBy -..—.

W. .& .(64 )
4hu

Yhe membranestreeswill oausean elastiocontraetton
of the elampiagring gtvenby ----

so - a=ao~ch (06)

where K Ie the specifl.ooontraotlonalongthe diameter
of the membrane&ue to unit radialteinti-ibn”per unlt,length
of clampingedge. -..-—

!Cheoenterdeflection woo for an iileall~clamped
pla~e of thiokness h and of radtus a eub~eoted to
preeeure p ?)1ss aeoording to equation 04 ,

.-

Faoa
’00 = 4hco

. . ... . (G6)

ghe oorreotlonIn oenterdeflation Ie, therefore, .

Alto Vo”—=—.
‘oo ,=0o

~he membranestress a

(;7) -
.

Is relcttedto the membraneat-rain W. .

‘*= (08)
.. .

The value of c Is givenby oorreoti.mgequation(~16),’for
the change.tnstrain K h u due to eontraettoaof the
clamplng-rl-ng:

. .



.

M .

—.—

(09) ‘

?he stress *O for a rzgidlyclampedplate *S derivedfrom
(O1O)by -Mng K = O. “It followsthat

Zhe ratio a/a. is, from (05)

a/a. u 1 - Khu (Ola)

8ubstituting(all)
leotingtermmthat

Awo
—u
~oo

and (632) in (~7), expanding, and neg-
are smallof higherordergiven

m AWO
—w-a”—-1

4Hha
-P Woo

(013)

.

~he Zast te+rmon the rightis negligiblecomparedwith the
firstterm sinoe.u< < E so that-in firstapproxima-
tion . :.4

.“
Avo 1 “E~h
— = 3,HWoo

(014)

An experimentalestimateof E wae obtainedas fol-
10VEI:A pa$r.ofrelativelythinplates (hR 0Q0209in..)
was oZ~ped in tho fixture. Zha aentordeflection W. of
the platewas thenmeasuredae a funotionof the normal
pressurein a rangowhorotho plateapproximateda taut
mombrano (~ > 10 h, por~nont aotat oentergreater *
than 4h) m Zhp valuesof W. thus obtainedwere substi-
tutedin (04) to estimatethe mombra.nestress ~. Whe .-
oentraotion%n diametar.2a~ - 2a . of the olamn%ngring ●

due to thtemembranestress~vasmeasuredby a fiuukerman
straingage (U, figc 10) with a 6-inohgage length- sula-
st~tutionof the meauuredvalues of.a. - a- and of u
in (05) gave sixvaluesof R rangingfrom 1Q9 X 10-* tO ..-

. . ... .. .. . .. .. . . .. ..
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2.2 X 10-0 tn./lb. h averagovalue H = 2 X 10-6 in./lb.
was su’bstltute~In (014)to obtaintho de?~ationIndZaes
(Awo/woo)ogivenin table2.

APPMMDIXD

Let It bo assumedthata membraneof radius a is
bowedinto a sphorioalsurfaoewith oentordefleoti.oaW3
at no load. Whe inorease W. in oenterdefleo%londue to
a normal reseure

7)
R is thenapproximately,“aooordingto

equation A12 , --

paawo=—
4ha

(Dl)

where CT is the tensilestress csorreapondhgto the strain
requlreflto produoethe oenterdeflection Wo. Aooord-

;ng to equatioti.(A16)
- - -_ . --

The stress oorrespondhg to this strainwill.be -.., ---

(D21)

substitutionof equation(D5)in (Dl)and solutionfor W.
glm8 -.—-. ..... .

.- .—-

(D4)

Zho oorre6ponUngoentordo,fleationwoo
flatmembranewouldbo, tith WI = 0,

woo=
[
3(1 - J~) pa4 l’s

8 Xh

for an initlcdly.. . .

(i6)



#

.- “

a.

(D6)

InitialbowingIntua HphericalsurfaoooauHQea domoaso
in oanborUefleotioninvozsolyproportional to tho oontor
dofleotionQuo to tho loadand-dirootlyproportionalto

8
tho ln$nid bowingat the oenter.

.

~8PP~ (referenoe9, p. %1) ‘derlv”edan approximatere-
lation ‘between oenterdefleotlonand pressurefor a equare
plate”of mediumthicknessby assumingthat the Bendingof
the platewas proportional to tha% givenby ZirohhoffcB
theosywhilethe extensionwas proportionalto that for a
membrane, so thatthe total pressure p was the sum O*
the pressure pb reststedby bentLingand the pre~sure P*
oarriodby membrane aotion:

.

(El)

Applyingthisprooedur’oto a oircular.plategivesfor tho
deflectionas a Kirohhoffplate (roferanoo6, p. 66)2

(m2) .

The oenterdeflectionfor a circularmembrane1s, acoording
to fienoky(referenoe6), for p = 0.3,

.
. Wo— = o.662a

F
‘P& (ml)

h Bh4 ,

SolvSngeq~ti.@ns.(M2)and (E3) for p~. hnd I?*s respec-
tively, an~ substitutingIn (lCl)leadsto the desiredra-
lations

.

. . . . . . .
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